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INTRODUCTION
Narrow objects such as pro-p-groups and Lie algebras of finite coclass of
w xfinite width have been studied intensively since the paper 6 of Leedham-
Green and Newman. Lie algebras of finite width are of Gelfand]Kirillov
dimension 1. The structure of associative algebras of Gelfand]Kirillov
w x w xdimension 1 has been clarified in the series of papers 12 and 13 by Small
 w x.et al. which in turn depend on the work of Bergman see 1 . For Lie
algebras such a classification involving loop algebras and algebras of
Cartan type remains an open problem
However, under some natural conditions, Lie algebras of finite width
have finite Z-grading and thus are related to Jordan systems via Tits]Kan-
tor]Koecher construction. These Jordan systems are also of Gelfand]Kir-
illov dimension 1. In this paper we study Jordan algebras of Gelfand]Kiril-
lov dimension 1 and prove theorems analogous to those of Small et al. and
Bergman. The results of this paper will be used in a subsequent paper on
prounipotent groups and Lie algebras of finite width.
 .Let A be a finitely generated not necessarily associative algebra over a
ground field K. Let V be a finite dimensional K-vector space generating
A and let V n denote the linear span of all products of length F n in
elements of V. The Gelfand]Kirillov dimension of A denoted as
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 .GK dim A is defined as:
w n xln dim V
GK dim A s lim sup . .
ln nnª`
It is known that the above definition does not depend on the choice of a
 w x w x.particular finite dimensional vector space generating A see 1 and 5 .
Clearly GK dim A s 0 if and only if dim A - ` and, in fact, there areK
 w x.  w x.no algebras with 0 - GK dim A - 1 see 5 . Bergman proved see 1
that there are no associative algebras with 1 - GK dim A - 2. However,
there are algebras having dimension s for every 2 F s.
In this paper we prove the following theorem that is similar to the result
of Small et al.
THEOREM. Let J be a finitely generated linear Jordan algebra of
Gelfand]Kirillo¨ dimension 1. Then:
 .a if J is semiprime, then J is a finite module o¨er a finitely generated
central subalgebra of the associati¨ e center of J,
 .b the radical of J is nilpotent.
In the process of the proof we show that there are no Jordan algebras of
Gelfand]Kirillov dimension s, 1 - s - 2.
Some general properties of the Gelfand]Kirillov dimension in Jordan
w xalgebras were studied in 7 . We will essentially use the results of this
paper.
1. SEMIPRIME JORDAN ALGEBRAS OF GK-DIMENSION - 2
From now on all algebras are considered over a ground field K,
char K / 2.
 4  .  .For elements a, b, c of a Jordan algebra J, let a, b, c s ab c q a bc
 .y ac b denote the Jordan triple product. We will use also the linear
 .  4  .  4operators U : J ª J, U x s a, x, a , and U : J ª J, U c s a, c, b .a a a, b a, b
Recall that a Jordan algebra J is called nondegenerate if for an
 4  .arbitrary element a g J, the equality a, J, a s 0 implies that a s 0.
A Jordan algebra J is called prime if for any non-zero ideals I, L of J,
 . 2the ideal IL L q IL is also non-zero.
An algebra J is said to be semiprime if for an arbitrary ideal I 1 J, the
equality I 3 s 0 implies I s 0. Clearly a non-generate Jordan algebra is
semiprime.
A finitely generated Jordan algebra is non-degenerate if and only if it is
 w x.semiprime see 1 .
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w xIn 15 the classification of prime non-degenerate Jordan algebras is
given.
Since in what follows we will speak about finitely generated algebras, we
will apply the classification just mentioned to prime Jordan algebras.
We shall recall the definition of a Jordan algebra with a polynomial
 w x.identity see 4 . An element of the free Jordan algebra is said to be an
s-identity if it is identically zero in all special Jordan algebras. A Jordan
algebra J is said to satisfy a polynomial identity if there exists an element
f of the free Jordan algebra that is not an s-identity such that f is
identically zero on J. In this case we say also that J is a P.I. algebra.
PROPOSITION 1.1. If J is a finitely generated semiprime Jordan algebra and
 .GK dim J - 2, then J is P. I.
Proof. The algebra J is a subdirect product of prime Jordan algebras.
 4That is, there exists a set I and a family of ideals P such that eachi ig I
algebra JrP is prime and F P s 1. Since the algebra J is finitelyi ig I i
generated each quotient JrP is a prime non-degenerate algebra.i
w xAccording to the results in 15 , each quotient algebra JrP is either ai
 < 4 special or an Albert ring. Let I s i g I JrP is special and let I s i gs i a
< 4I JrP is an Albert ring .i
Denote P s F P and P s F P . Then J s JrP is a subdirects ig I i a ig I i s ss a
product of the algebras JrP , i g I , and J s JrP is a subdirect producti s a a
of the algebras JrP , j g I . So:j a
 .  .i The algebra J is a special Jordan algebra and GK dim J Fs s
 .GK dim J - 2. Let A be an associative enveloping algebra of J .s s
 .  . w xSince GK dim A s GK dim J - 2, from the result of Bergman 1 its s
 . w xfollows that GK dim A s 0 or 1. In view of 13 , the algebra A is P.I.s s
and so is J .s
 .ii Each Albert ring JrP , i g I , is P.I. and all of them satisfy thei a
 .same identity they are central orders of a 27-dimensional Albert algebra ,
so the subdirect product J is also P.I.a
 .Let L in J, J be the algebra of all linear transformations on the vector
 .space J. The subalgebra of L in J, J generated by all multiplications
 .R a : J ª J, x ª xa is called the multiplication algebra of J. We will
 .denote it by M J .
LEMMA 1.1. If J is a finitely generated semiprime Jordan algebra with
 .  .GK dim J - 2, then the multiplication algebra M J of J is a semiprime
algebra.
 . w xProof. a Let us suppose initially that J is prime. It was proved in 15
 .  .that the associative center Z J of J is nonzero since J is P.I. and every
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U  .  4element a g Z s Z J R 0 is regular and the algebra of fractions
ZUy 1J is either a simple finite dimensional Jordan algebra over ZUy 1Z or
a simple Jordan algebra of a bilinear form. Since Jordan algebras of
bilinear forms are locally finite and our algebra J is finitely generated, the
Uy 1 Uy1 Uy1  .algebra Z J is always finite dimensional over Z Z. So Z M J (
 Uy 1 .  .M Z J , that is, M J is a central order of a simple finite dimensional
algebra. So it is prime.
 .  < 4b Let S s P P 1 J be the set of prime ideals in J. If
w : M J ª M JrP , R a ª R a q P .  .  .  .P
 .  .is the natural mapping, then a implies that the algebra M JrP is prime.
 .So, to prove that M J is semiprime, it is enough to prove that F Ker fP P
s 0.
Let v g FKer w . For an arbitrary element x g J we have xv g PP
 .  .since v g Ker f , that is, xv g F P s 0 since J is semiprime . ThusP
v s 0.
 .LEMMA 1.2. a If J is a d-generated Jordan algebra of a bilinear form,
then dim J F d q 1.K
 .b If J is a simple central finite-dimensional Jordan algebra that is not
a Jordan algebra of a bilinear form and J satisfies a non-special identity of
 2 .degree s, then dim J F max s r2, 27 .K
 .Proof. a Let J s K1 q V be a Jordan algebra of a bilinear form
which is generated by elements a , . . . , a . Then for every generator a g J1 d i
we have a s a 1 q m , where a g K, m g V. The elements m , . . . , mi i i i i 1 d
span V. Consequently, dim J F 1 q dim V F 1 q d.
 .b We can assume that K is algebraically closed. So J is an algebra
of one of the following types:
 .  .q 2i M K of dimension n ,n
 .   . .ii H M K , t , where t is the transposition, that is, the Jordann
 .algebra of symmetric matrices. Its dimension is n n q 1 r2.
 .   ..  .iii H M Q , where Q s Q K is the quaternion algebra overn
K. The dimension of this algebra is 2n2 y n.
 .iv the 27-dimensional Albert algebra.
If the algebra J satisfies an identity of degree s, then it satisfies a
 w x.multilinear identity of degree F s see 17 .
 .Let e be the matrix having 1 in the position i, j and zeros elsewhere.i j
If 2n y 1 G s, then J contains s elements e , e q e , e , e q e , . . . .11 12 21 22 23 32
 w x.  .It is easy to check see 13 that f e , e q e , e , e q e , . . . / 0,11 12 21 22 23 32
 .hence 2n y 1 - s, that is, n - s q 1 r2.
JORDAN ALGEBRAS 215
In the three cases we have that dim J F s2r2, which proves the lemma.K
LEMMA 1.3. Let J be a semiprime Jordan algebra generated by a subspace
V of dimension n. Suppose that J satisfies a P. I. of degree s and let
s2
N s max , 27, n q 1 . /2
 . N .If v g M J and V v s 0, then v s 0.
 . N .Proof. Let v be an operator from M J such that V v s 0. To
prove that v s 0 it will be sufficient to prove that Jv : P for every prime
 .ideal P since J is semiprime .
Let P be a prime ideal of J and let J s JrP. Then the algebra J is
Uprime. This implies that the associative center Z of J is nonzero, Z s Z
Uy 1 4R 0 consists of regular elements, and the ring of fractions Z J is finite
Uy 1 Uy1 w x.dimensional over Z Z see 15 . Since the algebra Z J satisfies a
Uy 1multilinear identity of degree F s, we have that dim Z J F N by the
previous lemma.
N .By our assumption, V v s 0. Let V s V q PrP and let v be the
 .  .image of v under the action of the homomorphism w : M J ª M JrP .P
N .Then V v s 0 in J. Now Lemmas 1.2 and 1.3 imply that Jv s 0, which
means that Jv : P.
THEOREM 1.1. Let J be a finitely generated semiprime Jordan algebra and
 .  .   ..1 F GK dim J - 2. Then GK dim J s GK dim M J . Consequently
 .GK dim J s 1.
Proof. Let J be generated by a subspace V of dimension d. The
 .  .  .  w x.multiplication algebra M J is generated by R V and R V ? V see 17 .
Let U be the linear span of V and V ? V and let W be the linear span of
 .  .R V and R V ? V .
Clearly V : U and V N . ? W m. : U Nqm.. By Lemma 1, the algebra
satisfies a nonspecial polynomial identity of degree s. Let N s
 2 . m.max s r2, 27, d q 1 . By Lemma 2.3, every operator w from W is
< N . < N .determined by its restriction w , that is, the mapping w ª w isV V
injective.
Just as in the proof of Proposition 1.1 we define an embedding u : W m.
 N . Nqm..  N . Nqm..ª L in V , U , where L in V , U denotes the vector space
of all linear transformations of V N . in U Nqm..
 N . Nqm..  N ..  Nqm..But dim L in V , U s dim V ? dim U , where c s
 N ..dim V is a constant, since N is fixed.
MARTINEX AND ZELMANOV216
Thus
w m. x w Nqm. xln dim W ln c ? dim U
GK dim M J s lim sup F lim sup . .
ln m ln mmª` mª`
Nqm.w xln c q ln dim U ln N q m .
s lim sup ?
ln N q m ln m .mª`
w n. xln dim U
s lim sup s GK dim J . .
ln nnª`
The theorem is proved.
 .By Lemma 1.1 the algebra M J is semiprime. Hence, by the results of
w x  .13 , there exist operators v , . . . , v g M J and a finitely generated1 k
 .  .commutative subalgebra C of the center of M J such that GK dim C s 1
 .and M J s v C q ??? qv C. Since we assume that the algebra J con-1 k
tains 1, we will identity C with the subalgebra 1C of the associative center
of J.
Now, if the algebra J is generated by elements b , . . . , b , then J s1 n
 .  .b M J q ??? qb M J s b v C.1 n i j
So we have proved the following.
THEOREM 1.2. If J is a finitely generated semiprime Jordan algebra with 1
 .and GK dim J s 1, then J is a finite module o¨er a finitely generated
subalgebra C of the associati¨ e center of J.
2. GRADED JORDAN ALGEBRAS
 .Let J be a graded algebra in the generators x , . . . , x and GK dim J1 d
 .- 2. Let N s N J be the McCrimmon radical of J. According to what
 .was proved in the first part of this paper, J s JrN J is a finite module
w x  .over F z , . . . , z , a finitely generated subalgebra of the center Z J .1 t
LEMMA 2.1. Let A be a graded finitely generated semiprime associati¨ e
commutati¨ e ring, A s ` A . Then A contains a homogeneous regularis1 i
element.
Proof. Let d be the maximal number such that A contains d non-zero
1. d.  i.  j. homogeneous elements a , . . . , a such that a ? a s 0 if i / j. So
.d F Goldie dimension of A.
If b1. g a1.A, . . . , bd. g ad.A are arbitrary nonzero elements, then
their sum b s b1. q ??? qbd. is a regular element. Indeed, since a1.A
[ ??? [ ad.A is a direct sum, it follows that for an arbitrary element
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c g A, we have cb s 0 if and only if cb1. s ??? s cbd. s 0. The inter-
d   i..section F Ann b is a graded ideal. If this ideal is not zero,is1
then it contains at least one nonzero homogeneous element bdq1.. So the
system b1., . . . , bdq1. contradicts the maximality of d. Consequently
d   i..F Ann b s 0 and b is a regular element.is1
  i.. d  i.n rn i.Let n s degree a and n s  n . Then the degree of a is n .i is1 i
As we have seen before the element a1.n rn 1. q a2.n rn 2 . q ??? qad.n rn d .
is regular. The lemma is proved.
LEMMA 2.2. Let A s ` A be a graded finitely generated associati¨ eis1 i
 . w xcommutati¨ e ring and GK dim A F 1. Then A is a finite module o¨er F a ,
where a is an arbitrary homogeneous regular element.
Proof. Without loss of generality we will assume that A is generated by
a finite collection of homogeneous elements. To prove that A is finite over
w x w xF a it is sufficient to prove that every generator b is integral over F a .
Let b be a homogeneous element of A. Elements bdega. and adegb.
dega. w deg g .xhave equal degrees and if b is integral over f a , then b is
w x  .  .integral over F a . Thus we will assume that deg a s deg b .
i .As above let V a, b be the linear span of all products of elements a
 w x.  .and b of length F i. Bergman see 1 proved that GK dim A F 1
iq1 . i .implies that the dimensions of quotients V a, b rV a, b , 1 F i - `,
are bounded from above. Let n be the upper bound of all these dimen-
sions. Then the system bn, bny1a, . . . , bany1, an is linearly dependent mod-
ulo the linear span of all products of a, b of length - n. Since the algebra
A is graded, it follows that the elements bn, bny1a, . . . , bany1, an are
linearly dependent. So, there exists scalars a , a , . . . , a g F, not all zero,0 1 n
such that
a bn q a bny1a q ??? qa bany1 q a an s 0.0 1 ny1 n
Let i be the smallest number such that a / 0. We havei
a bny i q a bny iy1a q ??? qa any i ai s 0. .i iq1 n
Since the element a is regular it implies that
bny i q ay1a bny iy1a q ??? qay1a any i s 0,i iq1 i n
w xso the element b is integral over F a and, consequently, A is a finite
w xmodule over F a . The lemma is proved.
 .Let J be a finitely generated graded Jordan algebra with GK dim J - 2,
 .J s JrN J . We have seen in the semiprime part that J is a finite module
 .over a finitely generated subring A of Z J . By Lemmas 2.1 and 2.2, there
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exists a homogeneous regular element z in A such that A is a finite
w x w xmodulo over F z . Hence J is a finite module over F z .
Let z be a homogeneous preimage of z under the homomorphism
J ª J.
LEMMA 2.3. Let z be a fixed element of J. For an arbitrary element a g J
 .  i j4there exists a number l s l a such that if i, j G l then z , a, z s
 iqk jyk4a z , a, z q W, where a are coefficients from K and W ’s arek k
products in z and a, of length - i q j q 1.
 :Proof. We can consider the special Jordan algebra a, z and its
universal associative enveloping algebra A. We will denote by ) : A ª A
the involution defined by aU s a, zU s z.
 .  :  .  w x.The GK dim A s GK dim a, z F GK dim J - 2 see 7 . By the
 .theorem of Bergman it follows that GK dim A F 1.
Let V k be the linear span of all products in A of length F k. Then we
1 2  w x.have the chain V ; V ; ??? and see 1 there is a number l such that
dim V kq1rV k F l for every k.
Let us consider the l q 1 elements z la, z ly1az, . . . , az l that have to be
linearly dependent modulo V l. So, there exists a number q, 0 F q F l, such
that
z qaz lyq s a z qqkaz lyqyk q ¨ , ¨ g V l . k l l
kG1
Applying the involution ), we get
z lyqaz q s a z lyqykaz qqk q ¨U . k l
kG1
If i, j G l, then
z iaz j s z iyq z qaz lyq z jy lqq
s a z iyq z qqkaz lyqyk z jy1qq q ¨ , ¨ g V iq j. k
kG1
And applying ),
z jaz i s a z jykaz iqk q ¨U . k
kG1
Consequently,
 i j4  iqk jqk 4 Uz , a, z s a z , a, z q ¨ q ¨ . . k
kG1
 w x. UBy the theorem of Cohn see 4 , the element ¨ q ¨ is a Jordan
polynomial in a, z of degree - i q j.
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LEMMA 2.4. Let z be a fixed element of J. Then for an arbitrary element
U U  . Ua g J there exists a number l s l a such that if i, j G l then
 i j4  iqk jyk 4  a b 4z , a, z s a z , a, z q g z , a, z . k a , b
kG1 aqb-iqj
In particular, if a and z are homogeneous elements, then the last summand
does not appear.
Proof. By Lemma 2.3 it is enough to prove that Jordan products v ’s
 .appearing on the right-hand side see Lemma 2.3 have degree 1 in a and
 a b 4they are of the type z , a, z , a q b - i q j.
Let us consider the dual algebra of numbers K q Ke , where e 2 s 0 and
 .the algebra J m K q Ke . We can apply the previous lemma to theK
elements a m e and z m 1.
˜ .  .So there exists a number l s l a m e s l a such that for any i, j
˜greater than or equal to l we have
 i j4  iqk jqk 4z , a m e , z s a z , a m e , z k
kG1
q Jordan products of length - i q j . .
If the element a m e appears at least twice in a Jordan element, then
the latter is equal to zero. So the right-hand side contains only products in
which a m e does not appear and products in which a m e appears just
once. The sum of all products in which a m e does not appear has to be
equal to zero. The lemma is proved.
U  .  .LEMMA 2.5. There exists a function f n such that if v g M J is an
i  j1.  jr .  iq1.operator of degree F n, then zv R z ??? R z g id z as soon as
U  . U  .j q ??? qj G f n and i G f n .1 r
Proof. We will use induction on k to prove the existence of functions
 .f k, n such that if v is a homogeneous multiplication operator of length
i  j1.  jr .  iq1.F k and degree F n, then zv R z ??? R z g id z if i, j q ??? qj1 r
 .G f k, n .
Let k s 1 and let a , . . . , a be the set of all products in x , . . . , x of1 s 1 d
 .  .  .length F n. It is enough to take f 1, n s max l a , where the l ? is1F iF s i
the function from Lemma 2.3.
 i  .  j1.  jr .  iqh j4Note that z R a R z ??? R z s  z , a, z , where j q h s j1
.q ??? qj .r
Let us note that if a is an arbitrary element of degree F n, then
i j  i j4 iq j iq1z R a ? z s z , a, z q z ? a g id z if i , j G f 1, n I .  .  .  .
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   . . .  .Let k s 2 and let t s f 1, n q 2 f 1, n q 1 d q 2 f 1, n q 1 where0
 .d s d z is the degree of the element z.0
 j1.  jr .An arbitrary operator R z ??? R z with j q ??? qj G t can be rep-1 r
 a1.  am. mresented as a sum R z ??? R z where a s 1 or 2 and  a si is1 i
r j .hs1 h
 .Let q be the smallest number such that a q ??? qa G 2 f 1, n . Con-1 q
 .  .sequently, either a q ??? qa s 2 f 1, n or a q ??? qa s 2 f 1, n q 1.1 q 1 q
 a1.  aq.  b1.  b2 .We know that R z ??? R z s  R z R z and at leastb qb sa1 2 i
 .  b1.  b2 .one of b and b will be G f 1, n . Since the operators R z , R z1 2
 .commute, we can assume that b G f 1, n .1
 j1.  jr .So, the multiplication operator R z ??? R z can be represented as a
 b .  g1.  g l.sum of operators R z R z ??? R z such that in each summand we
 .  .have f 1, n F b F 2 f 1, n q 1 and b q g G t.i
 .  .Let a and a be two elements such that d a q d a F n. Then:1 2 1 2
R a R a R z b s yR z b R a R a y R a ? z b ? a .  .  .  .  .  .  . .1 2 2 1 1 2
q R a ? a R z b .  .1 2
q R a ? z b R a q R a ? z b R a .  . .  .1 2 2 1
 .  . i  b .  .Since b G f 1, n , it follows from I that the elements z R z R a ,1
i  .  b . i  b .  . i  b .  .z R a ? a R z , z R a z R a , and z R a ? z R a lie in the ideal1 2 1 2 2 1
 iq1.id z .
 b .   . .But the degree of a ? z ? a is not greater than n q 2 f 1, n q 1 d1 2 0
and then
z iF a ? z b ? a R zg1 ??? R zg l g id z iq1 .  .  . . .1 2
  . .    .since g q ??? qg G t y b G t y 2 f 1, n q 1 G f 1, n q 2 f 1, n q1 l
. .  .  .  .1 d . Let us suppose that k G 3 and v s R a R a ??? R a . Then0 1 2 k
X Y  . Xv s v q v D a , a , where each v is an operator of length F k y 1i j
and each vY is an operator of length k y 2.
 .    . . .  .Let f k, n s f k y 1, n q 2 f k y 2, n q 1 d q 2 f k y 2, n q 1.0
 j1.  jr .As we have already mentioned, every operator R z ??? R z with j1
 .q ??? qj G f k, n can be represented as a linear combination of opera-r
 b .  a1.  am.  .  .tors R z R z ??? R z with f k y 2, n F b F 2 f k y 2, n q 1.
 .  .Since f k y 1, n F f k, n , by the induction assumption it follows that
z ivXR z j1 ??? R z jr g id z iq1 . .  .  .
Y  .  b . Y  b .  . Y  b  ..Also v D a , a R z s v R z D a , a y v R z D a , a .i j i j i j
i Y  b .  iq1. Y  b  ..Again, zv R z g id z . The operator v R z D a , a has lengthi j
 U  . .k y 1 and degree F n q b ? d F n q 2 f k y 2, n q 1 d . Since a0 0 1
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U   U  . . .q ??? qa G f k y 1, n q 2 f k y 2, n q 1 d , it is enough to applym 0
the induction.
 w x.  .By the result of Skosirskii see 11 an arbitrary element of M J is a
product of not more than 2 d q 1 multiplication operators. Hence to finish
U  .  .the proof it is sufficient to take f n s f 2 d q 1, n .
 .  .LEMMA 2.6. There exists a function f n such that if i, j G f n and W
X  .  X.and W are multiplication operators such that d W q d W F n, then
i X  j .  iq1.z W R z W g id z
Proof. We know by the previous lemma that there exists a function
U  . U  .f n such that if i, j G f n and W is a homogeneous operator of degree
i  j.  iq1.F n, then z WR z g id z .
 . U  .  .  .Let f n s 2 f n . Let W s R a ??? R a . We will prove the asser-1 k
tion by induction on k.
 .Suppose at first that k s 1, that is, W s R a . Let us represent j as a
U  .sum j s j q j such that j , j G f n . We have1 2 1 2
z iW XR z j ? a s z iW XR z j1 ? z j2 ? a .  . .
s z iW X yR z j1 R a R z j2 y R z j2 R a R z j1 .  .  .  .  .  .
qR z j1 R z j2 ? a q R z j2 R z j1 ? a q R a R z j1qj 2 . .  .  .  .  .  . .
i X  j1. i X  j2 . i X  .  j.  iq1.But elements z W R z , z W R z , and z W R a R z lie in id z
by the previous lemma.
Let us suppose that k G 2 and the result is known for an operator W
 .  .  .having F k y 1 factors R ? . Let W s W R a R b . We have2
z iW XR z jW R a R b s z iW XR z jW ? a ? b .  . .  . . .2 2
Xi js z W yR z W R b R a .  . .2
y R a R b R z jW q R z jW ? a R b .  .  . .  .2 2
q R z jW ? b R a q R a ? b R z jW . .  . .  . .2 2
i X  j . i X  .  .  j . i X j .The elements z W R z W , z W R a R b R z W , z W z W ? a ,2 2 2
i X  j . i X  .  j .  iq1.z W R z W ? b , z W R a ? b R z W lie in id z by the induction as-2 2
 .  .sumption. Indeed, lengths of the operators W , W R a , and W R b are2 2 2
k y 2, k y 1, and k y 1 respectively.
For an ideal I of J, let I  s. denote the linear span of all products in J
containing at least s factors from I. Clearly I  s. is an ideal of J.
DEFINITION 2.1. We say that an ideal I is strongly nilpotent if there
 s.  .exists a number s G 1 such that I s 0 .
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 w x.It is known see 13 that any nilpotent ideal in a finitely generated
Jordan algebra is strongly nilpotent.
PROPOSITION 2.1. Let I be a strong nilpotent ideal. Let us suppose that
 4 ithere are finitely many multiplication operators V such that J s  Fz V qi i, j j
 4I. Then, there is another finite family of operators W such that J sk
 Fz iW .i, k k
 .Proof. We will prove the following assertion A :
There exist natural numbers N, t such that if W is an operator of
i iq1degree G t and i G N, then z W s z W , where W is another1 1
multiplication operator.
 .Let us show that the assertion A implies the proposition. From the
 .  N . iassertion A it follows that id z : Fz W , where W ’s run over thej j
finite set of all homogeneous multiplication operators of degree - t.
 N .The ideal id z has finite co-dimension in J. Indeed, the quotient
 . w xalgebra J s JrN J is a finite module over F z , hence it is a finite
Nw xmodule over F z . This implies that there are finitely many elements
k Nu , . . . , u g J such that J is spaned by the elements u , u z , where1 r i i
k G 1. Let u , . . . , u be preimages of the elements u , . . . , u in J. Then1 r 1 r
 .  N .the algebra J is spaned by u , . . . , u modulo N J q id z .1 r
 w x.Zhevlakov and Shestakov see 16 proved that an ideal of finite
codimension in a finitely generated Jordan algebra is also finitely gener-
 .  N .ated as an algebra. Hence the ideal N J q id z is a finitely generated
algebra.
 .  N .  N .The quotient algebra N J q id z rid z is finitely generated and
  ..locally nilpotent as a homomorphic image of N J , hence it has finite
dimension. Thus
< N < < N < < N N <J : id z s J : N J q id z q N J q id z : id z - `. .  .  .  .  .  .
If we consider operators vX , . . . , vX such that the elements 1vX , . . . , 1vX1 q 1 q
 N . i 0 Xgenerate J modulo id z , then we will have J s Fz w q Fz w asj k
stated in the proposition.
 .So we need to prove the assertion A . To do that we will need some
lemmas.
By the assumption, there exists a finite family of multiplication opera-
i  .  .tors of J, V , . . . , V such that J s Fz V q I. Let d ¨ s max d V .1 q j 1F jF q j
Let u , . . . , u , v , . . . , v be homogeneous elements of J and let f be1 s 1 s
the function whose existence was established in Lemma 2.6.
DEFINITION 2.2. We say that an operator
V s R v R u R v R u ??? R v R u W , .  .  .  .  .  .1 1 2 2 s s
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 .where W is another multiplication operator, is in s-regular form if d u Gi
  .  .  .  .  .  ..  .d f d v q d u q ??? qd v q d u q d v q d ¨ q d ¨ for0 1 1 iy1 iy1 i
each i, 1 F i F s.
By the assumption of the Proposition 2.1, the ideal I is strongly
nilpotent. Let I  s. s 0.
  .LEMMA 2.7. Under the assumptions of Proposition 2.1, if m G f d v q1
 .  .  .  .  ..d u q ??? qd v q d u q d v q d ¨ , and V is an operator in1 sy1 sy1 s
m  mq 1.s-regular form, then z ? V g id z .
k i j  i .Proof. Let u s  z V q a with a g I recall that J s Fz V q I .i j i i j
 .  k i j .  .Then d u s d  z V F d k q d ¨ . According to the definition ofi j 0 i j
an s-regular operator,
k G f d v q d u q ??? qd v q d u q d v q d ¨ . .  .  .  .  .  . .i j 1 1 iy1 iy1 i
The induction on h implies
z mR v R u ??? R u ' z mR v R a R v R a ??? R v R a .  .  .  .  .  .  .  .  .1 1 h 1 1 2 2 h h
mod id z mq 1 . .
m  .  .  .  .  .  k i j .  m .Indeed, z R v R a R v R a ??? R v R z ¨ g id z q 1 by1 1 2 2 i j
Lemma 2.6.
 s. m  .  .  . mBut I s 0. Consequently, z R v R a ??? R a s 0. Hence z V g1 1 s
 mq 1.id z .
Remark. In the previous lemma we have proved a particular case of the
 .assertion A . That is, we have proved that if V is an operator in s-regu-
  .  .  .  .  .lar form and m G f d v q d u q ??? qd v q d u q d v q1 1 sy1 sy1 s
 .. m  mq 1.d ¨ , then z ? V g id z .
 .  .LEMMA 2.8. a There exists a function g l such that e¨ery operator W of
 .degree G g l can be represented as a linear combination of operators
 .  .  .R v ??? and R x R v ??? , where the v ’s are words of degree G l.i
 .  .b There exists a function h t such that an arbitrary operator W of
 .degree G h t can be represented as a linear combination of t-regular opera-
tors.
 .Proof. a Every operator can be represented as a product of F 2 d q 1
 .  . .right multiplications. Let g l s l y 1 2 d q 1 q 1. Consider the opera-
 .  .  4tor W s R ¨ ??? R ¨ where the ¨ ’s are words in x , . . . , x and let1 2 dq1 i 1 d
 .  .us suppose that d W G g l . At least one of the summands ¨ has degreei
G l. If i s 1, W has the wanted form with v s ¨ .1
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Let us suppose that i s 2. Then
W s R ¨ R ¨ ??? R ¨ s R ¨ R ¨ ??? R ¨ .  .  .  .  .  .1 2 2 dq1 2 1 2 dq1
q D ¨ , ¨ R ¨ ??? R ¨ . .  .  .1 2 3 2 dq1
 .Now in D ¨ , ¨ we can pass variables from ¨ to ¨ until we get1 2 2 1
 .  X.  X.D ¨ , ¨ s D x , ¨ with degree ¨ G l. So W has the wanted form.1 2 j j j
Let us suppose that i G 3. Then
R ¨ R ¨ R ¨ s yR ¨ R ¨ R ¨ y R ¨ ? ¨ ? ¨ .  .  .  .  .  .  . .iy2 iy1 i i iy1 iy2 i iy2 iy1
q R ¨ ? ¨ R ¨ q R ¨ ? ¨ R ¨ .  .  .  .iy2 i iy1 iy1 i iy2
q R ¨ ? ¨ R ¨ .  .iy2 iy1 i
and it remains to use the induction on i.
 .b We will prove the assertion by induction on t. If t s 1, the
 .  .existence of h 1 has been established in part a of this lemma.
 .Let us suppose that h t y 1 exists and let us consider the finite-dimen-
 .  .sional subspace of M J spanned by all operators of degree h t y 1 or
 .h t y 1 q 1.
By the induction assumption, there exists a basis of this subspace
 .  .  .that consists of operators in t y 1 -regular form: R v R u ???1 1
 .  . XR v R u W . For each operator in this basis we calculate thety1 ty1
number:
ty1
Xd ? f d v q d u q d W q d ¨ q d ¨ .  .  .  .  .0 i i /
is1
and let k be the biggest of these numbers.
 .  .  .Define h t s h t y 1 q 1 q g k .
 .If W is an operator of degree G h t , we can assume that W s
 .  .R a R a ??? , where a is either a generator x or a product of two1 2 i a
generators x ? x .a b
 .  . Let i be minimal number such that R a ??? R a has degree G h t y1 i
.1 .
 .  .  .  .The operator R a ??? R a has degree h t y 1 or h t y 1 q 1. Hence1 i
 .  .  .  .R a ??? R a is a linear combination of the basic operators R v R u1 i 1 1
 . X  . X  .??? R u W in t y 1 -regular form. The operator W R a ??? hassy1 iq1
 .  . X  .degree G g k . By part a of this lemma, W R a ??? is a lineariq1
 .  .  .  .combination of operators R u ??? or R x R u ??? , where d u G k.j
JORDAN ALGEBRAS 225
Now it remains to note that operators
R v R u ??? R u R u ??? .  .  .  .1 1 sy1
and
R v R u ??? R u R x R u ??? .  .  .  .  .1 1 sy1 j
are in t-regular form. The lemma is proved.
 .Finally, we will prove the assertion A . Let s be the number such that
 s.   . .  .  .I s 0 and m G f h s q 1 q d ¨ . If V is an operator of degree G h s ,
 .then by the part b of the previous lemma, V is a linear combination of
m  mq 1.operators in s-regular form. By Lemma 6, z V g id z .
 .COROLLARY 2.1. If N J is strongly nilpotent, then there exists a finite
family of homogeneous operators W , . . . , W such that J s Fz iW .1 r j
Proof. According to Proposition 2.1, it would be enough to prove that
there exists a finite number of homogeneous multiplication operators
X X i X  .W , . . . , W such that J s  Fz W q N J .1 s i, k k
 . w xBut J s JrN J is a finite module over F z , that is, there exist
Xw x w xelements ¨ , . . . , ¨ in J such that J s F z ¨ q ??? qF z ¨ . Let W s1 h 1 h i
Xi .  .R ¨ where ¨ is a preimage of ¨ . Then J s  Fz W q N J .i i i iG 0, js1, . . . , h j
 .Let us recall the construction of the Baer radical N J in a finitely
generated Jordan algebra which coincides with the McCrimmon radical,
w x.see 17 .
 .  .Let N J s 0, N J s  nilpotent ideals of J.0 1
 .If a is a limit ordinal, N s D N J .a b - a b
 .  .   ..If there is a y 1, then N J rN J s N JrN J .a ay1 1 ay1
 .  .  .We have N J s D N J s N J , for some transfinite number g .a a g
  .  .. 4Let A s a : N J rN J is strongly nilpotent . Then A / B sincea
  ..g g A. Let g be the smallest transfinite number in A. Then N JrN J0 g 0
 .  .s N J rN J is strongly nilpotent. So there is r such thatg g 0
N  r . : N .g 0
By Corollary 2.1, there exist operators W , . . . , W such that1 t
 .riJ s Fz W q N J , II .  . j
 .   ..Let us consider the function f from Lemma 6 and let d v s max d W ,i
k s d f 2 d v q 1 q d v . III .  .  . .0
Zhevlakov proved that the power J k of J is a finitely generated algebra.
 . kHence, there exists a function Zh k such that for any k, the J is
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 . generated by all words in x , . . . , x of length l, k F l F Zh k the num-1 d
.ber of generators of the algebra J is fixed .
 .Let U be the subspace of J generated by all words of degree F 2Zh k .
 . r .Then U is finite dimensional and U s N J l U : N is a finite0 g 0
dimensional space.
 .If g s 0, then N J is strongly nilpotent. Let us suppose that g / 00 0
  . . so N J is not strong nilpotent , and let us consider the set B s b : U0
4: N . Then g g B / B.b 0
Let b minimal element of B. Since U is finite dimensional, b y 10 0 0
 .does exist. Clearly b F g . Hence, N JrN is not strongly nilpotent.0 0 b y10
 .Let I s id U .0
k i ˜ ˜ 4LEMMA 2.9. We ha¨e J :  Fz W q I, where W are alliG 2 dv .q1 j j
 .operators of degree - g k and g is the function from Lemma 2.8.
w x kProof. By the result of Zhevlakov 16 , an arbitrary element in J can
be expressed by generators b , each of them a word of length l withh
 .  .k F l F Zh k . By II each of these generators can be expressed in the
i  . r .form a z W q a, with a g N J .i j j
 .  .  . rSince d a s l F Zh k and a g N J , it follows that a g U . So a g I.0
  . .  .By the choice of k, k s d f 2 d v q 1 q d v ; it follows that i G0
  . .   . .f 2 d v q 1 . We will show that if i G f 2 d v q 1 and V is a multiplica-
 . i  iq1.tion operator of degree G g k , then z V g id z q I. Indeed, in view
i  .of Lemma 2.8 we only need to consider elements in the form z R b or
i  .  . k  .z R x R b with b g J . The operator R b can be expressed by opera-h
 .  .tors R b , R b ? b . Hence, without loss of generality we can assumeqh h
 .  .that k F deg b F 2 Zh k .
p i  p .Consequently b s b z W q a, with a g I. The elements z R z Wp q q q
i  .  p .  iq1.   . .and z R z R z W lie in the ideal id z , since i, p G f d v q 1h q
according to Lemma 2.6.
Now to prove the lemma it suffices to note that
J k s b R J k s a z iW R J k .  . i i j j
  . .modulo I, where i G f 2 d v q 1 . Now for an arbitrary operator V g
 k .  .  . i  iq1.W R J with d V G g k , we have that z V g id z q I. The lemmaj
is proved.
The ideal N is a sum of ideals that are nilpotent modulo N . Henceb b y10 0
 .the finitely generated ideal I s id U is nilpotent modulo N , so I isb y10 0
strongly nilpotent modulo N . Now we will use the notation J forb y10
JrN and the notation I for I q N rN . The ideal I is stronglyb y1 b y1 b y10 0 0
nilpotent.
k i ˜ kWe have proved that J : Fz W q I. Since the codimension of J inj
 4J is finite, there exists a finite family of multiplication operators V suchh
that J s Fz iV q I.j
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Now from Proposition 2.1 it follows that there exists a finite family of
 4operators W such thatj
J s Fz iW . IV . j
 . w xRemark that IV is an analog of the result of Bergman 1 concerning
associative algebras of Gelfand]Kirillov dimension 1.
 .We will refer to IV as Bergman decomposition.
Now our strategy will be to prove that the Bergman decomposition for a
.   ..graded algebra J implies that GK dim M J s 1.
Indeed, suppose that we have succeeded in doing this. Since for an
 .  .   .. w xarbitrary element a g N J we have R a g N M J ; it follows from 12
 .that the radical N J is nilpotent. This contradicts the minimality of b .0
 .  .Thus, we have proved modulo our assumption that the radical N J of
an arbitrary graded Jordan algebra of Gelfand]Kirillov dimension 1 is
nilpotent. Hence, is strongly nilpotent. Hence, J has a Bergman decompo-
 .sition. Hence GK dim J s 1.
Let J s Fz iW be a Bergman decomposition of J and let N X be thej
number of operators W .j
 . XIf J is a homogeneous component of J, then dim J F N . Indeed,a a
i  4XJ s  Fz W with W , . . . , W homogeneous multiplication operators.iG 0 j 1 N
 .   ..If a g J , then d a s i ? d q deg W s a , so i s a y deg W rd . Con-a 0 j j 0
 . Xsequently, dim J F N .a
 .By the way, this implies that GK dim J s 1.
 .  .  .LEMMA 2.10. There exists a function M q such that if d a G M q , then
 qi 4a s  b , z , c , with b , c homogeneous elements and q G q.i i i i i
h  .  .Proof. Let a s a z W , where a g K. Then d a s hd q d Wh j j h j 0 j
 .   .  ..   .   .F hd q d v . So, h G deg a y d v rd with d v s max d W ,0 0 1
 ...X. . . , d W .N
 .  .We will find functions L q such that if i G L q , then for arbitraryk k
i  .  .  q j 4elements a , . . . , a g J, z R a ??? R a s  b , z , c with q G q.j1 k 1 k j j
 .  .  .  . ky1We define L q s q, L q s 2 q, . . . , L q s 2 L q s 2 q.1 2 k ky1
i  .  i 4It is clear that if k s 1, then z R a s 1, z , a is in the wanted form1 1
 .for every i G L q s q.1
If k s 2 and i G 2 q, then z i s z iyq ? z q with i y q G q. Then
1R a R a s R a R a y R a R a .  .  .  .  .  .1 2 1 2 2 12
qR a R a q R a R a .  .  .  . .1 2 2 1
1s D a , a q U a , a q R a ? a . .  .  . .1 2 1 2 1 22
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1 1 1i i i i .  .  .  4 Consequently, z R a R a s z D a , a q a , z , a q 1, z , a ,1 2 1 2 1 2 12 2 2
4 i  .a and we only need to prove that z D a , a is in the wanted form.2 1 2
 iyq q.  . iyq  q  .. q  iyq  ..But z ? z D a , a s z R z D a , a q z R z D a , a s1 2 1 2 1 2
 iy1 q  .4  q iyq  .41, z , z D a , a q 1, z , z D a , a .1 2 1 2
Let us suppose, by the induction assumption, that the result is true for
k y 1, with k G 3.
 . i  .  . i  .If i G 2 L q , then z R a ??? R a s z D a , a V q  opera-ky1 1 k t r l
.  .tors of length F k y 1 . Note that length V s k y 2.l
  ..  .  .  .Now i s i y L q q L q , i y L q G L q andky1 ky1 ky1 ky1
i  .  .  iyLky 1q. Lky 1q..  . i z R a . . . R a s  z ? z D a , a ? V q  z T where op-1 k t r l h
. iyLky 1q.  Lky 1q.  ..erators T have length F k y 1 s  z R z D a , a ? V qh t r l
Lky 1q.  iyLky 1q.  .. i z R z D a , a V q  z T .t r l h
Now it remains to apply the induction assumption.
 .  .  .To prove the lemma is enough to take M q s d L q q d v0 2 dq1
since every operator W can be expressed as a product of G 2 d q 1 rightj
multiplication operators.
Let N s 4N X q 4.
 .  q N 4  Nq2 .LEMMA 2.11. Let q G M s M 3N . Then z cz s c U z for1
some element c .1
 i j4Proof. Let us consider elements in the form z , c, z with i odd,
j G i q 2, and i q j s N s 4N X q 4. There are N X q 1 of such elements,
so they must be linearly dependent we have seen that each homogeneous
X .component has dimension F N .
 i0 z Ny i04  iSo, there is a number i such that z , c, s  a z , c,0 iqjsN , jG iq2 i j
j4z and i ) i in each summand of the right-hand side.0
 q N 4  q N .  i0 Ny i0.  Ny i0 qyNqi0.Then, z , c, z s cU z , z s cU z , z U z , z y
 2 Nyi0 . qyNq2 i0.cU z , z . But q y N q 2 i G 2 N q 2 i G N q 2 if q G 2 N.0 0
 .Furthermore, i F N y 2 r2, hence 2 N y 2 i G N q 2. This implies that0 0
 2 Nyi0 . qyNq2 i0.  Nq2 .cU z , z g JU z .
Now,
cU z i0 , z Ny i0 U z Ny i0 , z qyNqi0 .  .
iqjsN
i j Nyi qyNqi0 0s a cU z , z U z , z .  . i j
jGiq2, iGi q20
s a cU z Nq iyi0 , z qyNqjqi0 q a cU z qyNqiqi0 , z Nq jyi0 .  . i j i j
i , j i , j
has also the wanted form, since q y N q j q i G q y N q i q i G 2 N q0 0
i q i G N q 2, and i y i G 2, j y i G 2.0 0 0
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LEMMA 2.12. There exist numbers M, N such that if a is a homogeneous
 N .  X Y 2 .  N .element of degree G M, then aU z s a a ? z q ba ? z U z , where
a , b g K and a, aX are homogeneous elements.
 q 4  N .  .Proof. Consider elements b, z , c U z , with q G M s M 3N .
Then we have
1
q N q N N q N 4b , z , c U z s z U b , c U z s bU z , cU z , z .  .  .  . .
2
yz NU c, b U z q , z N q cU z n , bU z q , z N . .  .  . . .
 N  q N 44  N  q N 44By Lemma 2.11, z , b, z , c, z and z , c, z , b, z are in the
wanted form. Indeed,
N  q N 4 N Nq2 Nq2z , b , z , c, z s z , b , z , c , z 4  4 41
s y b , z Nq2 , c U z Nq1 . 4 1
q2 b , z Nq1 , c U z R z U z N . .  .  . 4 .1
The verification of this identity in special Jordan algebras is straightfor-
ward. Since it depends on three variables and is linear in two of them, it
 w x.remains to refer to the theorem of Glennie see 14 .
Let a , . . . , a be all words in x , . . . , x of degree - M. By Lemma 2.4,1 t 1 d
for each element a there exists a homogeneous multiplication operator Vi i
involving only the element z, such that a V s 0. Let V s V ? V ??? V .i i 1 2 t
 N .COROLLARY 2.2. U z V s 0.
 .Proof. Let ¨ be a homogeneous element from J. If d ¨ - M, then ¨
is a linear combination of a , . . . , a and then ¨V s 0.1 t
 .  N .  X  . Y  2 ..  N . If d ¨ G M, then uV z s ¨ R z q ¨ R z U z according to
.  N .  X  N .  . Y  N .  2 ..Lemma 2.12 and we have ¨U z V s ¨ U z VR z q ¨ U z VR z
s 0, by the induction assumption.
 i j.The operator V is a linear combination of operators U z , z with i q j
fixed. Then we can represent V in the form
V s U z i0 , z j0 q a U z i , z j .  . i j
iqjsi qj0 0
where i F j and i - i F j for any i, j in the second summand.0 0 0
MARTINEX AND ZELMANOV230
LEMMA 2.13. If i G i q N, j G j q N, then0 0
R z i R z j s a R z iqk R z jyk . .  .  .  . k
kG1
 i0.  N .  i0.Proof. We have i - j . Otherwise V s U z and U z U z s0 0
Nq i0 .  .U z s 0, which contradicts semiprimes of J s JrN J .
 N .Since U z V s 0, we have
kqlsi qj0 0
Nq i Nqj kqN lqN0 0U z , z q a U z , z s 0. .  . k , l
i -k , l-j0 0
We will use the equalities
U z i , z j U z h , z k s U z iqh , z jqk q U z iqk , z jqh .  .  .  .
and
U z h , z k s 2 R z h R z k y R z hqk . .  .  .  .
Since i G i q N, j G j q N, we have0 0
U z i , z j s U z iy i0yN , z jy j0yN U z i0qN , z j0qN y U z iy i0qj 0 , z jy j0qi 0 .  .  .  .
kqlsi qj0 0
iy i yN jyj yN kqN lqN0 0s y a U z , z U z , z .  . k l
i -k , l-j0 0
y U z iq j0yi 0 , z jq i0yj 0 .
kqlsi qj0 0
iy i qk jyj ql iq1yi jqkyj0 0 0 0s a U z , z q U z , z .  . . k l
i -k , l-j0 0
y U z iq j0yi 0 , z jq i0yj 0 .
kqlsi qj0 0
iy i qk jyj ql iqlyi jqkyj0 0 0 0s 2 a R z R z q R z R z .  .  .  . . k l
i -k , l-j0 0
y R z iq j0yi 0 R z jq i0yj 0 y 2 a y 1 R z iq j . .  .  .  . k l /
k , l
On the other hand,
U z i , z j s 2 R z i R z j y R z iq j . .  .  .  .
Note that i q k y i ) i, i q l y i ) i, i q j y i ) i q k y i ) i,0 0 0 0 0
i y j y i ) i q l y i ) i, j q l y j - j, j q k y j - j, j q i y j - j0 0 0 0 0 0 0
.q l y j - j, j q i y j - j q k y j - j. .0 0 0 0
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 i.  j.To finish the proof of the lemma it remains to note that R z R z
1 i j iqj  .  .s U z , z q R z and to substitute the above expression for2
 i j.U z , z .
j .  .For a subalgebra B of J, let M B denote the subalgebra of M J
 .generated by all multiplications R b , b g B.
Recall that J s  X Fz iW is a Bergman decomposition ofiG 0, 1F a F N a
 .  .XJ, d v s max d W and d is the number of generators of J. Let1F a F N a
2 dq1   . . XL s 3 k , where k s max j q N, d v q 1 and N s 4N q 4.0
LEMMA 2.14. For any numbers i, j G L, and any operators W , W , wea b
 i .  j .  . J  iq1..  .ha¨e R z W R z W g M J ? M id z ? M J .a b
X  .Proof. Without loss of generality, we will assume that W s W R a ,b b
 X .  .where d W - d W .b b
We have:
R z iW R z jW s R z iW R z jW X ? a .  . .  . /a b a b
s yR z jW X R z iW ? a . . .b a
y R a R z iW ? z jW X q R a R z iW R z jW X .  .  . .  .a b a b
q R z jW X R z iW R a q R z jW X ? a z iW . . .  . .  . / /b a b a
 . i j hSince i, j G d v q 1, it follows that z W ? z W s a z W gh, ga b g
 iq1.  .  .  .  .id z , because d h q d W s d i q j q deg W q deg W G d i q0 g 0 a b 0
 . i j Xd v q 1 and consequently h G i q 1. In the same way, z W ? z W sa b
l i j X  iq1.b z W , with l G i q 1, that is, z W ? z W g id z .l, m m a b
If we keep reducing the degree of W at most 2 d q 1 times, since eachb
.W is a product of not more than 2 d q 1 right multiplications , we getb
finally:
R z iW R z jW ' ??? R z iV R z j q ??? q ??? R z j R z iV ??? .  . .  . .  . a b m n
 . J  iq1..  .mod R J M id z R I .
Let us represent j as a sum j s j q j q j , where each of j , j , j is1 2 3 1 2 3
greater than or equal to the integer part of jr3. We have
R z j s R z j1 ? z j2 z j3 .  . .
s yR z j1 R z j3 R z j2 y R z j2 R z j3 R z j1 .  .  .  .  .  .
q R z j1 ? z j2 R z j3 q R z j1 ? z j3 R z j2 q R z j2 ? z j3 R z j1 . .  .  .  .  .  .
 j.  h.  l. w xSo, R z s R z R z ??? with h, l G jr3 .
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X  .  X.  .Let V s V ? R b where d V - d V . We have:
R z iV X ? b R z h R z l .  .  .
s yR z iV X ? z h R b R z l y R z h ? b R z iV X R z l .  .  .  .  .  .
q R b R z h R z iV X R z l q R z iV X R z h R b R z l .  .  .  .  .  .  .  .
q R z iV X ? a ? z h R z l . .  . . .
i X h  i X. . hIn the first and the last summands h G k , so z V ? z , z V ? a ? z g
 iq1.id z .
 i X.  l.  i X.  h.In the other three summands, factors R z V R z or R z V R z
appear. If we repeat the process at most 2 d q 1 times, we will totally get
rid of the operator V and arrive to the situation where every summand
 i.  h.contains factors R z R z with h G k . Now it remains to refer to
Lemma 2.13.
The lemma is proved.
  ..Finally, we will see that Lemma 2.14 implies that GK dim R J s 1.
Zhevlakov proved that a finitely generated soluble Jordan algebra is
 .nilpotent. This result implies the existence of a function g r such that if J
g  r .  r r . r r ris an r-generated Jordan algebra then J : J ? J ? J : J ? J .
 .LEMMA 2.15. Let V , V be two homogeneous operators from M J . Let1 2
W be an operator from the Bergman decomposition of J and let i G L. Ifa
 .  .  .   ..d V or d V is greater than or equal to 2 d q 1 g d L q d w then1 2 0
V R z iW V g M J M J id z iq1 M J . .  .  . . .1 a 2
 .  .   ..Proof. Suppose that d V G 2 d q 1 g d L q d v . Without loss of1 0
generality, we can assume that
V s R a ??? R a , .  .1 2 dq1
where a are homogeneous elements from J. At least one element a hasi j
  ..degree greater than or equal to g d L q d v . Moreover, arguing as in0
 .the proof of Lemma 2.8 a , we can assume that V has one of the1
following forms:
 .  .i V s ??? R b or1
 .  .  .  .   ..ii V s ??? R b R x , where d b G g d L q d v .1 i 0
 .  .  i .  . J  iq1..  .In the case i , R b R z W g M J ? M id z ? M J by Lemmaa
2.14.
 .  d0 Lqdv ..2Let us consider the case ii . We have b g J , so let us assume
that b s b b ; b , b g J d0 Lqdw ..1 2 1 2
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 .  .  .  .  .  .  .  .Then R b R x s R b b R x s yR b x R b y R b x R bk 1 2 k 1 k 2 2 k 1
 .  .  .  .  .  .q R x R b b q R b R b x q R b R b x and we can applyk 1 2 1 2 k 2 1 k
Lemma 2.14 to:
R b R z kW .  .2 a
kR b R z W .  .1 a
kR b b R z W .  .1 2 a
kR x b R z W .  .i 1 a
kR x b R z W .  .i 2 a
respectively.
The Lemma is proved.
 .PROPOSITION 2.2. M J is the linear span of all operators in the form:
X  i Y .  Y .  .  X.  .  . W R z W W, with d W F d v and d W , d W - 2 d q 1 g d L q0
 ..   ..d v where L is the number from Lemma 2.14 and d s d z .0
 .  .Proof. Consider an expression of V in the form V s R a ??? R a ,1 2 dq1
where a ’s are homogeneous elements. At least one element a has degreej j
  ..greater than or equal to g d L q d v . Without loss of generality we can0
i  .assume that a s z W . Since g r G r for any r, it follows that i G L.j a
 i .  .  .  .   ..Let V s V R z W V . If d V , d V - 2 d q 1 g d L q d v then1 a 2 1 2 0
there is nothing to prove. In the other case, the previous lemma implies
that
V s V R z iq1W V . . 1 j a j 2 j
 .  .If d W F d v , then W is a linear combination of the operatorsa j a j
 .  .involved in the Bergman decomposition. If d W ) d v , then we havea j
iq1 im  .z W s a z W , where each i is greater than i q 1. Thus, if d Va j m m m 1 j
 .  .   ..or d V is again greater than 2 d q 1 g d L q d v , then we can again2 j 0
apply Lemma 2.14. After a finite number of steps we will arrive at the
expression we have been looking for. The proposition is proved.
Now Proposition 2 implies the result:
THEOREM 2.1. Let J be a finitely generated graded Jordan algebra and
 .   ..  .1 F GK dim J - 2. Then GK dim M J s 1. Consequently GK dim J s
 .1. Furthermore, N J , the Baer radical of J, is nilpotent.
3. GENERAL CASE
In this chapter we will extend the results of the previous section to
nongraded algebras. In doing so we will closely follow the methods of
w xSmall, et al. in 13 .
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 .Let J be a finitely generated Jordan algebra not necessarily graded
 .and GK dim J - 2. Let x , . . . , x be a finite system of generators of J1 d
and let V be the linear span of x , . . . , x . As usual, V k is the linear span1 d
of all products of elements of length F k.
 . 0 1 2 3Then we have a chain of subspaces 0 s V : V s V : V : V :
 . 1 2 1 3 2??? and we can consider gr J s V [ V rV [ V rV [ ??? , the m-gen-
 .   ..erated graded algebra associated to J. Clearly GK dim J s GK dim gr J .
So, results in Section 2 imply
COROLLARY 3.1. Let J be a finitely generated Jordan algebra and 1 F
 .  .GK dim J - 2. Then GK dim J s 1.
 .By the result of Section 2, the algebra gr J contains a homogene-
  ..  .ous element z and operators W , . . . , W in M gr J such that gr J s1 s
i Fz W .iG 0 j
k ky1Let us suppose that z g V rV and let z be a representative from
 .the coset z. Similarly we can find operators W , . . . , W in M J associated1 s
  .  .  .  .to W if W s R a ??? R a , then W s R a ??? R a , where a ’s arej j h h j h h i1 j 1 j
.preimages of a ’s .i
We claim that J s  Fz iW .iG 0, 1F jF s j
Indeed, let us use induction on l to prove that V l : Fz iW . For l s 0 itj
is clear. Let c g V l. There are coefficients a g K such that c q V ly1 si j
i i ly1a z W . Consequently c y a z W g V and it remains to use thei j j i j j
induction assumption.
That is, if J is a Jordan algebra generated by elements x , . . . , x and1 d
 .with GK dim J - 2, then there is a homogeneous expression z s
 .  .z x , . . . , x and a finite family of operators W , . . . , W g M J such that1 d 1 s
J s  Fz iW .iG 0, 1F jF s j
 x.LEMMA 3.1 See 13 . Let J be a Jordan algebra generated by elements
 .  .x , . . . , x , such that GK dim J - 2. Let N J be the McCrimmon radical1 d
`  . i. of J. Suppose that F N J s 0 and let I be a finitely generated as anis1
.  .ideal ideal of J that lies in N J . Then I is nilpotent.
 .  i.  iq1.Proof. Let J s JrN J , J s N rN . Consider the graded algebra0 i
J q J q J q ??? .0 1 2
 .Suppose that the ideal I is generated as an ideal by elements a , . . . , a .1 r
Let x , . . . , x be the images of the elements x , . . . , x in J that is,˜ ˜1 d 1 d 0
 ..x s x q N J and let a , . . . , a be images of the elements a , . . . , a in˜ ˜ ˜i i 1 r 1 r
  .2..J that is, a s a q N J .˜1 i i
˜ `Let J be the subalgebra of  J generated by the elements x , a ,˜ ˜is0 i i j
1 F i F d, 1 F j F r.
We will prove that the elements a , . . . , a generate a nilpotent ideal in˜ ˜1 r
J˜. This will be enough to assure that the ideal I is nilpotent in J.
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 . s.Indeed, let id a , . . . , a s 0. This equally means that an arbitrary˜ ˜J˜ 1 r
product ¨ of elements x , a containing k G s factors a can be repre-i j j
sented as a linear combination of products ¨ s a ¨ , where a ’s aret t t
scalars and each ¨ is a product of elements x , a containing at leastt i j
k q 1 factors a . Applying this process to each of the elements ¨ andj t
` k .  .repeating it on and on, we get finally that ¨ g F I s 0 . That is, I isks1
 .a nilpotent ideal. So we only need to prove that the ideal id a , . . . , a is˜ ˜J˜ 1 r
nilpotent.
According to what was proved about the Bergman decomposition, there
exists a homogeneous expression z in x , . . . , x and a finite family of˜ ˜1 d
˜ ˜ i .homogeneous operators W , . . . , W g M J such that J s Fz W .1 n j
Remark. The element z can be assumed to depend only on x , . . . , x ,˜ ˜1 m
not on a , . . . , a . It follows from the way in which it was constructed, since˜ ˜1 r
˜ .a g N J .˜j
 .For each operator W let a W be the number of times that thej j
elements a , . . . , a occur in W . Since generators x have degree 0 in˜ ˜ ˜1 r j i
˜ ˜ ˜  .J s J q J q ??? and generators a have degree 1, the a W is the degree˜0 1 j j
of W .j
i ˜ ˜ n ˜We have Fz W : J and therefore J s  J .aW .j aW . js1 jj
 s. ˜ ˜ .  .Now, if s ) a W for any j, then id a , . . . , a : J q J q ??? s˜ ˜˜j J 1 r s sq1
 .0 .
This proves the lemma.
 .THEOREM 3.1. If J is a finitely generated Jordan algebra, and GK dim J
 .- 2, then its McCrimmon radical N J is finitely generated as an ideal.
 .Proof. Let N s N J .
Then the quotient algebra J s JrN is a semiprime Jordan finitely
 .generated algebra and GK dim JrN F 1. So there is a subalgebra C :
˜ .  .Z J such that GK dim C s 1 and JrN is finite over C : JrN s u C1
q ??? qu C. Let u , . . . , u be preimages of the elements u , . . . , u respec-r 1 r 1 r
 4tively. Without loss of generality we will assume that the set u , . . . , u1 r
includes all generators of the algebra J.
r k kWe have u u s  u c , c g C.i j ks1 k i j i j
That is,
u u y u ck g N. * .i j k i j
k
 .  .  .  .  .Let D a, b s R a R b y R b R a be the inner derivation defined by
the elements a, b. So we can consider the finite set of elements from N:
u D ck , u and u D ck , u ? u ** . .  .h i j l h i j l t
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 .  . Let I be the ideal of J generated by the elements in * and ** so I is
.finitely generated as an ideal and let us consider the quotient JrI.
k  .The images of c belong to the center of JrI. Indeed, relations **i j
 .  .  .assure that D c, J s 0 modulo I, since M J is generated by R u andi
 .R u ? u .i j
 .  .In a Jordan algebra the equality D c, j s 0 implies that c g Z J . So
k 4the subalgebra A of JrI finitely generated by the elements c q I isi j
 .contained in its center and JrI s  u q I A, that is, JrI is generated asi
 4an A-module by u q I, . . . , u q I .1 r
 .Consequently, every submodule of JrI in particular, NrI is finitely
generated. But I is finitely generated as an ideal. Hence N is finitely
generated as an ideal.
Now, the two previous lemmas imply
COROLLARY 3.2. If J is a Jordan algebra generated by elements x , . . . , x1 d
 . `  .k .  .such that GK dim J - 2 and F N J s 0, then N J is nilpotent.ks1
Let J be a Jordan algebra generated by a finite dimensional subspace V.
As usual, we consider the filtration V s V 1 ; V 2 ; , . . . , where V n de-
note the linear span of all products of elements from V of length F n.
If I is the ideal of J generated by Y, a finite dimensional subspace of J,
 s.and Y ; V , we can consider the homomorphism y: J ª JrI s J, V the
1 2image of V, and the filtration V s V : V : ??? .
LEMMA 3.2. If the ideal I is infinite dimensional, then for any n G s we
nq2 n nq2 n .  .ha¨e dim V rV - dim V rV .
nq2 nProof. The mapping J ª J induces another mapping V rV ª
nq2 nV rV .
nq2  n. nThe kernel of the second mapping is V l I q V rV . If this
nq2  n. n nq2kernel is zero, then V l I q V s V and, in particular, V l I
s V n l I.
Let us show that this equality implies that
V n l I s V nq1 l I s V nq2 l I s V nq3 l I s ???
and, thus, I lies in V n and is finite dimensional.
The ideal I is generated by the subspace Y : V s : V. Since the multi-
 .  .  2 .plication algebra M J is generated by R V and R V , it follows that I
 .  . nis spanned by elements of the type aR u ??? R u , where a g I l V1 r
and each element u lies either in V or in V 2.i
 . nq2 n  .  .  nWe have aR u g V l I s V l I. Hence, aR u R u g V l1 1 2
.  . nq2 n  .I R u : V l I s V l I and so on. Finally, we get that aR u ???2 1
 . n nR u g V l I and I : V . The lemma is proved.r
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THEOREM 3.2. Let J be a Jordan algebra generated by a finite dimensional
 .  .subspace V with GK dim J - 2. Then N J is nilpotent.
`  .k .Proof. Let H s F N J . By Corollary 3.1 the radical of JrH isks1
 .k .nilpotent. Hence, there exists i G 1 such that N J s H.
Let I be an infinite dimensional finitely generated ideal of J. The
 nq2 n.induction on the upper limit, lim sup dim V rV , shows that thenª`
radical of JrI is nilpotent, according to the previous lemma. Hence, there
 .q.  .q.exists q G 1 such that N J : I. But H : N J . Hence, if I : H,
then I s H.
We have proved that if I is a finitely generated ideal of J that lies in H,
then either I s H or dim I - `.F
 2 .Let h be an arbitrary element from H and I s id h .J
 2 .If I s H, then h g id h . Let us show that this is impossible. Indeed,J
 2 .  .if h g id h , then there exists a multiplication operator W g M J suchJ
 .that h s hR h W.
  . .n  .Iterating, we get h s h R h W for any n G 1. But R h lies in the
 .  w x.  .locally nilpotent radical of M J see 11 , hence R h W is nilpotent, the
contradiction.
Hence, dim I - `. Then I is a finite dimensional bimodule over J andF
 .   ..a finite dimensional module over M J . If k G dim I and Jac M J isF
 .   ..k  .the Jacobson radical of M J , then I Jac M J s 0 .
  .2 k ..   ..kNow, R N J : Jac M J .
 .2 k .  .  .Hence, I ? N J s 0 and consequently I ? H s 0 .
2 3  .Hence h ? H s 0 for an arbitrary element h g H and so H s 0 .
 .  w xHence, N J is solvable and J is P.I. By the theorem of Medvedev see 8 ,
 .N J is nilpotent.
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